We analyze the consequences of Lorentz violation (LV) to three-generation neutrino oscillation in the massless neutrino sector. We present a general formalism of three-family neutrino oscillation with neutrino flavor states being mixing states of energy eigenstates. It is also found that the mixing parts could strongly depend on neutrino energy by special choices of Lorentz violation parameters. By confronting with the existing experimental data on neutrino oscillation, the upper bounds on LV parameters are derived. Because the oscillation amplitude could vary with the neutrino energy, neutrino experiments with energy dependence may test and constrain the Lorentz violation scenario for neutrino oscillation.
Introduction
Lorentz invariance has been a fundamental principle in physics since Einstein established special relativity in 1905. In the last century, numerous experiments provided precise verifications of Lorentz invariance, and most current data are consistent with this symmetry. Over the last decade there is a growing interest in studying Lorentz invariance violation in the physics society. Though no theoretical model predicts Lorentz violation conclusively, there have been some theoretical suggestions that Lorentz invariance may not be an exact symmetry at all energies. In particular, many works to describe the force of gravity within the context of a quantum theory imply the breaking of Lorentz symmetry (including string theory 1,2 , warped brane worlds 3 , and loop quantum gravity 4 ). Other high energy models of space structure could also contain Lorentz violation 5 . Even if Lorentz symmetry is broken at high energy, there can still be an attractive infrared fixed point 6 . So we can still get an approximate Lorentz invariant world at low energy range. Besides above theoretical motivations, many other models, such as emergent gauge bosons 7,8 , varying moduli 9 , ghost condensate 10 , space-time varying coupling 11,12 , or varying speed of light cosmology 13,14 also incorporate Lorentz violation. Whether Lorentz symmetry is perfectly unbroken under all conditions is still an important theoretical question.
Lorentz invariance violation was proposed as a solution to two important experimental problems, i.e., the observation of TeV photons and of cosmic ray events above the GZK cutoff 15, 16, 17, 18, 19 , for a review see Ref. 20 . In the first case, it is hard to observed ultrahigh energy photons coming from ulterior galaxies since cosmic gamma rays with energy above 10 TeV should interact with cosmic infrared background photons and convert into electron-position pairs. However, the High Energy Gamma Ray Astronomy (HEGRA) satellite detected 24 TeV gamma rays from Markarian 501 21 . In the second case, ultra high energy cosmic rays interact with cosmic microwave background photons and produce pions. The cosmic rays lose energy through this process until they pass below the GZK cutoff energy 10 19 eV 22,23 . However, there has been report that the cosmic ray spectrum extends beyond this energy 24 . Lorentz violation could give a preparative solution to the two problems because the threshold energy at which the cutoff occurs could be altered by modifying special relativity, though it is not the only way to explain these problems. We also aware 25 that recent HiRes 26 and Pierre Auger 27 measurements of the ultrahigh energy cosmic rays show a sharp suppression around the energy of 10 19 eV, which is consistent with the expected cutoff energy. If the phenomenon of GZK cutoff is confirmed by further experiments, Lorentz invariance will still be a good symmetry in the area of ultra high energy cosmic ray. Therefore one would need to look at other possibilities for the breakdown of Lorentz invariance.
Neutrinos provide another interesting laboratory for studying the possibility of Lorentz violation. If Lorentz invariance is violated by quantum gravity, the natural scale one would expect a strong Lorentz violation is the Planck energy of 10
19
GeV 28 . But the attainable energy of accelerator is of TeV scale. So it is difficult to directly detect Planck scale Lorentz violation in the laboratory. However, there might be a small amount of Lorentz violation at lower energies if Lorentz symmetry is violated at Planck scale. Neutrinos offer a promising possibility to study Lorentz violation that may exist at the low-energy as the remnants of Planck-scale Physics 29 . Neutrino oscillation is an important problem in neutrino physics. To explain this kind of phenomena, the conventional scenario is to assume that neutrinos have masses. In this assumption, there is a spectrum of three or more neutrino mass eigenstates and the flavor state is the mixing state of mass eigenstates 30,31 . Coleman and Glashow pointed out that neutrino oscillation can take place even for massless neutrinos if Lorentz invariance is violated in the neutrino sector 32 . In Ref. 16 , they assumed that the maximum attainable speed of a particle depends on its identity and that the flavor states are the mixing states of speed eigenstates, and analyzed neutrino oscillation quantitatively. In Ref. 33 In this paper, we study Lorentz violation contribution to neutrino oscillation. In our calculation we assume that neutrinos are massless and that the neutrino flavor states are mixing states of energy eigenstates. We calculate neutrino oscillation probabilities by the effective theory for Lorentz violation, which is usually called the standard model extension (SME) 40,41 . In our work, the mixing angles for neutrinos are functions of Lorentz violation parameters.
The structure of this paper is as follows. In Sect. 2, we figure out the neutrino oscillation probabilities by the effective theory for Lorentz violation. In Sect. 3, we introduce some specific models and give the numerical values for LV parameters by comparing our theoretical oscillation probabilities with experimental results. Then we analyze the dependence of the new oscillation equation on neutrino energy and neutrino propagation length. Remarks and conclusions are given in Sect. 4.
Theoretical framework for Lorentz violation and neutrino oscillation probabilities
In the conventional massive neutrinos scenario, neutrino mass eigenstates are components of neutrino flavor states. Neutrinos change from one flavor to another during the propagation, because the phase of time for each mass eigenstate is different. However, Lorentz invariance violation may be another origin for neutrino oscillation.
In this work, we analyze the consequences of Lorentz violation in the massless neutrino sector. Different from the conventional massive neutrino model, neutrino flavor states are mixing states of eigenenergy in our calculation. The bounds on LV parameters will be given by comparing our calculation with the experimental results. In this part we will figure out the neutrino oscillation probability. The general and detailed calculation method for neutrino oscillation was proposed in Ref. 34 . However, for the integrity of the article, we display the entire calculation for neutrino oscillation probabilities.
In the framework of standard model extension, we consider the Lagrangian 41,42 for neutrino sector given by (1), the first term is consistent with the minimal standard model; the second and third terms describe the contribution from Lorentz violation, which denote CPT even term and CPT odd term respectively. For the convenience of calculation, we transform the lagrangian as
where L ′ equals to L in quantum field theory, because divergence terms have no contribution to the action. The Euler-Lagrange equation of motion for neutrinos can be written as
A new motion equation can be obtained by multiplying Eq. (3) with the matrix γ 0 . Comparing the new equation with the conventional equations of motion (iδ A B ∂ 0 − H AB )ν A = 0, we obtain the Hamiltonian for neutrinos
Note the unconventional time-derivative term in Eq. (3) has been included in Eq. (4). The above discussion is within the context of quantum field theory. Now we transform the description into quantum mechanics and treat the differential operator as momentum operator to study neutrinos with a fixed momentum. In this paper, we focus on the upper bounds of Lorentz violation contribution to neutrino oscillation and so far right-handed neutrinos or left-handed antineutrinos have not been detected experimentally. So we assume that neutrinos are massless. Our calculation is based on three-generation model. With the basic vector (u L (p), v R (−p)) T , the Hamiltonian matrix for neutrinos can be given by
Substituting Eq. (5) into Eq. (3) the general dynamical equation for neutrinos could be obtained. Then we can study the dynamical character of neutrinos by calculating the dynamical equation. However, we are more interested in neutrino oscillation probability in this work. So we just need to figure out the eigenenergy for neutrinos by diagonalizing the Hamiltonian. In Eq. (5), the up-diagonal term is the Hamiltonian for left-handed neutrinos and the down-diagonal term is the Hamiltonian for right-handed antineutrinos. We just study the left-handed neutrino part because the two terms have the similar form. We simplify the Hamiltonian H AB as
where A, B = e, µ, τ . To figure out neutrino eigenenergy we diagonalize the Hamiltonian matrix (6) by a 3 × 3 matrix U . Note that U is a unitary matrix. The eigenenergy matrix is
where E is a diagonalized matrix. The eigenenergy can be labeled as E I , where I = 1, 2, 3. Neutrino energy eigenstates are the linear combination of flavor eigenstates because matrix U is unitary:
where I and A represent different eigenstates and flavor eigenstates respectively. Because the matrix U is unitary, Eq. (8) can be transformed as
Neutrinos propagate at the speed of light approximately because we have assumed that neutrinos are massless and that LV parameters is small. When the propagation length is L, the flavor state can be written as
¿From Eq. (10) and the unitary of U , the oscillation probability can be expressed as
where ℜ and ℑ denote the real and imaginary parts respectively.
Specific models and bounds on LV parameters
In Sect. 2, we obtained the analytic equations for neutrino oscillation. In this section, we discuss three specific models. Comparing with the experimental results, we will figure out the upper bounds on LV parameters in different models. The Lorentz noninvariant direction-dependent oscillations for massless neutrinos are not supported by recent research work 43, 44 . So in this part we try to build a massless neutrino model without direction-dependent oscillations. All the three special models in our work are direction-independent. In Eq. (6), h AB is a 3 × 3 matrix in neutrino generation space. To reduce the LV parameters, we assume that the neutrino Hamiltonian can be simplified as
where
µτ , and η = c 00 µµ E + a 0 µµ . Lorentz violation parameters are defined in a sun-centered inertial frame. There are 6 non-zero LV parameters in the above specific model, and the other LV parameters are zero.
By substituting Eq. (12) into Eq. (7), the eigenenergy matrix E and mixing matrix U could be figured out as
and
With the eigenenergy matrix E and the unitary matrix U , the oscillation probabilities can be expressed as
In Eq. (16), oscillation probabilities satisfy the probability unity equation
, which is guaranteed by the unitarity of U . From above calculation, we can see that not only the eigenenergy splitting ∆ E ij but also the mixing parts are functions of LV parameters. To clearly understand the novel effect of Eq. (16), we can analyze P (ν µ → ν τ ) with a special choice of LV parameters. If η is the only nonzero CPT even LV parameter, then η = c 00 µµ E, ε = a 0 eµ , ζ = a 0 µτ . Now both the mixing part and the eigenenergy splitting ∆ E ij are functions of neutrino energy. In the conventional massive neutrino model, the corresponding probability can be expressed as
, while the mixing part sin 2 2θ is independent of energy. So the amplitude of conventional massive neutrino oscillation is fixed, and the phenomenon of oscillation disappears when the neutrino energy is high enough because the oscillation P directs to L/E at high energy. But in Eq. (16), we can clearly see that the mixing part of P (ν µ → ν τ ) is a function of neutrino energy. So oscillation amplitude varies with neutrino energy. By further calculation, as shown in 3.1, the oscillation probability will be suppressed at high energy, which is consistent with the conventional massive model, but the suppressed threshold energy is much higher comparing with the conventional massive model.
There would be different novel behaviors of the neutrino oscillation in the presence of Lorentz violation by choosing different LV parameters. In the following we will study three special cases with different kinds of choosing LV parameters. By comparing with the exiting experimental data, we can constrain LV parameters.
Model 1 Non-diagonal terms are CPT-Odd parameters with CPT-Even parameters only in the diagonal term
If we assume that a 
Substitute these LV parameters into Eq. (11). To calculate the numerical results of LV parameter, we compare the theoretical equations with experimental results. KamLAND detected P (ν e → ν e ) ≃ 61% with neutrino energy E ≃ 4.3 MeV and neutrino propagation length L ≃ 180 km 45 . MINOS observed muon neutrino disappearance with neutrino energy E ≃ 4.9 GeV and propagation length L ≃ 735 km, P (ν µ → ν µ ) ≃ 76% 46 . We also get the flavor change channel of muon neutrino to tau neutrino from K2K, P (ν µ → ν τ ) ≃ 36% with E ≃ 1.8 GeV, L ≃ 250 km 47 .
Substituting these experimental data into Eq. (11), we get three equations with three LV parameters. Because this is a nonlinear system of equations, the solution is not unique. But we can give the order of LV parameters in principle: a . For further restriction of LV parameters, we use the experimental results for the oscillation channel of electron neutrino to muon neutrino. LSND has used muon sources from the decay π + → µ + +ν µ to detect neutrino oscillation in the subsequent decay of the muon through µ + → e + + ν e +ν µ 48 . This experiment finds the oscillation ν µ → ν e (with 20 MeV ≤ E νµ ≤ 58.2 MeV) with a probability of 0.26%. However, the MiniBoone experiment, which was expected to verify the results of LSND, has reported their first result which does not favor the simple explanation of the LSND results based on the two flavor neutrino oscillation 49 . In this paper, we use the experimental results from K2K about the oscillation channel ν µ → ν e with the mixing angle sin 2 2θ µe < 0.13 50 . Now we plot the oscillation probability The right plot shows the oscillation probability as a function of path length with a fixed energy E = 1 GeV. Fig. 1 shows the oscillation probability for ν e → ν e as a function of the neutrino energy E with a fixed path length L = 180 km, and as a function of the propagation length L with neutrino energy E = 10 MeV, respectively. Comparing with the results of massive neutrino scenario, we find that in Lorentz violation model electron neutrino does not have drastic oscillation at low energy. This is different from the conventional massive neutrino scenario. In conventional neutrino model, the phenomena of neutrino oscillation (ν e → ν e ) disappears at high energy (E > 100 MeV with a fixed path length L = 180 km). However, in Fig. 1 we find the existence of oscillations at high energy. This distinction is resulted from different dependence on neutrino energy for oscillation probability. In addition, the mixing part is fixed in convention massive model. But in Fig. 2 we could find that the neutrino oscillation amplitude varies with neutrino energy. These novel effects can be tested at high energy sector. Because the dependence on path length has the same form in two different models (massive neutrino model and Lorentz violation model), the plots of path length dependence have no remarkable distinction with the conventional massive neutrino model.
Model 2 non-diagonal terms are CPT-Even parameters with CPT-Odd parameters only in the diagonal term
Substitute these LV parameters into Eq. (11). Similarly to Model 1, we use KamLAND, K2K and MINOS experimental results to compute the parameters. The numerical values are also consistent with experimental results about the oscillation channel ν µ → ν e from K2K. Fig. 3 shows the oscillation probability of the channel ν µ → ν µ as a function of the neutrino energy E and as a function of the propagation length L respectively with LV parameters a . The order of LV parameters c AB is larger than that of Model 1, so the oscillation periods of the changing probabilities against neutrino energy and path length are much smaller than those in Model 1. In addition, the oscillation amplitude is steady at high energy, which is different comparing with Model 1. When neutrino energy is high enough, parameters ε and ζ are much lager than η because ε and ζ linearly depend on neutrino energy. LV parameters c 00 eµ and c 00 µτ in the numerator and denominator have the same power in the mixing part, so the values of mixing part are steady at high energy. 
We introduce a new equation ζ = xε, then the constraint of the mixing part sin 2 2θ µe < 0.13 from K2K experimental results can be easily satisfied by adjusting the constant x. In our calculation we choose x = 2.7. Substitute all these new parameters to Eq. Figs. 4 and 5 keep the main characteristics of Figs. 1 and 2. Neutrinos do not have drastic oscillation at low energy and the oscillation phenomena still exists at high energy, which is different from the massive neutrino scenario. Similar to Model 1, the oscillation amplitude varies in different energy scale. These similarities can be explained by the fact that the oscillation probability dependence on LV parameters and neutrino energy have similar form in the two models .
During the above calculation the boost effect has not been considered. In this work we assumed that the LV parameters are direction independent in the suncentered frame. The experiments are done on the Earth which is moving around the sun and is also rotating. The experiments in laboratories therefore see LV parameters which have direction dependence because there is a boost. When the long baseline experiments based on the earth are discussed, the boost effect would cause some influence on the direction dependent parameters. As the earth moving velocity is much smaller than the light speed, the boost effect, which is about 10 −4 for orbit and 10 −6 for rotation respectively, leads to little impact to the numerical values of the direction independent parameters (a 0 and c 00 ) in the earth inertial frame. But the influence on the direction dependent parameters a X and c 0X , which are about 10
order comparing to the corresponding direction independent parameters, needs to be compared with the upper bounds given in Ref.
51. In our model 2, the direction dependent parameter c 0X induced by boost effect has the same order comparing with the upper bound in Ref. 51 . Further constraints from future experiments for direction dependent parameters would be a challenge for this model. Therefore Ref. 51 has put a strict constraint for the sun-centered directional independent models built in this work. However, a model with smaller direction independent parameters, such as our model 1 and model 3, is consistent with the experimental data.
In addition, LSND data are not used during the calculation of the three different kinds of models. Substituting the LV parameters numerical results of these models into the equation P (ν µ →ν e ) respectively, we find that the oscillation probability are much smaller than the oscillation probability of (0.26±0.067±0.045)% reported by LSND. So in our work the explanation of the LSND data based on the two flavor neutrino oscillation is unfavored. While in this work we assume that only a limited special number of LV parameters are nonzero, there are still large freedoms to fit experimental results with Lorentz violation models, e.g., Ref. 36 explained all class of experimental data, including LSND, with a massive Lorentz violation model. How to explain LSND data would need more experimental and theoretical work.
Conclusion
In this paper, we calculated Lorentz violation (LV) contribution to neutrino oscillation by the effective field theory for LV (Standard Model Extension). We assume that neutrinos are massless and that there are only three generations of left-hand neutrinos and right-handed antineutrinos in nature. Unlike the conventional massive neutrino scenario, in our calculation neutrino flavor states are not the mixing states of neutrino mass eigenstates but neutrino energy eigenstates. In this work, the equation of neutrino oscillation probabilities given by Eq. (11) is a complete analytic equation and contains hundreds of LV parameters. In section 3, we introduced three direction-independent specific models. Comparing with neutrino experimental results, the upper bounds on LV parameters can be figured out. We have checked our calculation results with the experimental results in Ref. 51 . In model 2, the directional dependent parameters c 0X induced by the boost effect are smaller than the upper bounds given in Ref. 51 but with the same order. And slightly mediations for the directional independent parameters in model 2 may lead to its failure. So Ref. 51 has put a strict constraints for the sun-centered directional independent models built in this work. And a model with smaller directional independent parameters, such as model 1 and model 3, is much better to accord with the experimental data. From Figs. 1−5 we see that neutrinoes do not have drastic oscillations at low energy and oscillations still exist at high energy. Furthermore, the oscillation amplitude varies with the neutrino energy. All these characteristics are different from the massive neutrino scenario. In addition, the three models in this paper have different characteristics, too. The main difference lays in the relationship between oscillation probabilities and neutrino energy. In models 1 and 3, the oscillation amplitude varies in different energy scale and goes to zero when the neutrino energy is high enough. But in model 2, the oscillation amplitude is steady at high energy. These different models can be tested and constrained in high energy neutrino experiments.
We also aware the negative report for Lorentz violation from existing atmospheric neutrino data. Refs. 52,53,54 presented detailed analysis of the zenith angle distribution of atmospheric neutrino events from Super-Kamiokande underground experiment. The analysis of super-Kamiokande data disfavors Lorentz-invariance as the leading source of atmospheric neutrino oscillation. There are several potential reasons to explain this difficulty. First, Lorentz violation is not the leading mechanism for atmosphere neutrinos and the contribution of massive mechanism to neutrino oscillation can not be neglected at this range. From another point of view, in our calculation the mixing part is a function of neutrino energy and as Fig. 2 shown, the oscillation amplitudes are suppressed at high energy, which is different from the Lorentz violation model used in Refs. 52,53,54 . (The effect of oscillation suppressing at high neutrino is general consistent with the conventional massive model, though the suppressed threshold energy is different between the two kinds of mechanisms). So these novel effects in our model would produce some new effect in analyzing atmosphere neutrino from the view of Lorentz violation.
In the above discussion, we assume that neutrinos are massless and that Lorentz violation is the only origin of neutrino oscillation. So we can clearly see what kind of new effect will occur if Lorentz violation exists in neutrino sector. It is possible that neutrinos have small mass and both Lorentz violation and the conventional oscillation mechanism contribute to neutrino oscillation. Then LV parameter will be further constrained and our numerical calculation for LV parameters could only be considered as a upper bound for LV. It is difficult to distinguish between these two kinds of mechanism at low energy. But high energy experiment is a good avenue to test Lorentz violation models. In the conventional massive model, the mixing part is independent of energy and neutrino oscillations disappear at high energy because the oscillation P is proportional to L/E. But in Lorentz violation models, mixing part is the function of energy and the oscillation amplitude varies with neutrino energy. Thus neutrino experiments with energy dependence may distinguish between the conventional massive neutrino scenario and the Lorentz violation scenario for neutrino oscillations.
